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In this work we wonder if there is a way to generate a wormhole (WH) in nature using “normal” 
matter. In order to give a first answer to this question, we study a massless scalar field coupled to an 
electromagnetic one (dilatonic field) with an arbitrary coupling constant, as source of gravitation. 

We obtain an exact solution of the Einstein equations using this source that represents a magnetized 
rotating WH. This space-time has a naked ring singularity, probably untouchable as in [Lg], but 
otherwise regular. The WH throat lies on the disc bounded by the ring singularity, which keeps the 
throat open without requiring exotic matter, that means, satisfying all the energy conditions. After 
analyzing the geodesic motion and the tidal forces we find that a test particle can go through the 
WH without troubles. 


INTRODUCTION 


In 1916, Flamm suggested that our Universe might not 
be simply connected [l|, opening the possibility to the 
existence of tunnels connecting different regions of the 
universe or even completely different universes. In 1935 
Einstein and Rosen rediscover this solution trying to give 
a field representation of particles jl], idea further by Ellis 
'H, who models particles as bridges between two regions 
of the space-time. Many years latter Morris and Thorne 
consider such solutions as means of interstellar travel Q. 
Nevertheless, these wormholes (WH) need to violate the 
energy conditions. Today this type of matter is called 
exotic (see [HJ for a detailed review on this subject). 

In 0 it was showed that the violation of the 
null energy condition was a generic feature for regular 
traversable WHs, assuming that the throat is a compact 
2 D surface with minimum area. However, if the throat 
is no longer a compact object (i.e. a star-like structure) 
one might deal with cylindrical WHs, which from afar 
appear as cosmic strings, without requiring the presence 
of exotic matter M- 

On the other side, numerical simulations seem to show 
that static WHs are unstable 11). To flip it this problem, 
it was conjectured in 12| that the rotation of the WH 
could stabilize a ghost star. The idea is that a rotating 
WH would have more possibilities to be stable than the 
general static spherically symmetric WHs. Some rotating 
solutions were studied in the past, as an approximation 
or as an exact solution of the Einstein equations 
[Til . However, all of them violet some energy 



condition. 

Nevertheless, we wonder if it is possible to generate 
WHs where the source is some kind of matter that can 
be found in nature. In this work we look for WHs made 
of normal matter that are traversable, that is, WH made 
of matter that satisfy the energy conditions and where 
a test particle can go from one side of the throat to the 
other in a finite time without facing large tidal forces. 
We also look for rotating WHs, following the conjecture 
that the rotation can stabilize the WH. 


In order to give an answer to this question, at least 
partially, we look for scalar fields that could be formed 
by particles coupled with the electromagnetic field. Of 
course this kind of particles exist and are common in 
nature, but all of them are massive. The problem is 
that so far it is not possible to get exact solutions of the 
Einstein equation with massive scalar fields. However, if 
the scalar field is massless it is possible to use standard 
techniques to find exact space-times from this sources. 
We lost some important feature of the matter but we gain 
precision to see the form of the space-time here, which is 
the most important point for the analysis of this kind of 
space-times. Thus, we start from the Lagrangian 

L = ~R + 2e(VA>) 2 Pe^^F 2 + V(A>) (1) 

where R is the Ricci scalar, is the Faraday tensor, $ 
is the field of a spin cero (composed) particle and V (<f>) 
the scalar field potential. We separate the dilatonic from 
the ghost field using e = +1 for a dilatonic and e = — 1 
for the ghost field. As a first approximation we set the 
mass of the scalar field equal to cero V = 0, as we will 
see, we can solve the Einstein equation exactly, giving 
us a space-time that we can study with all the precision. 
The Einstein-Maxwell-Dilaton field equations from the 
Lagrangian ID are 

R^v = 2 + 2e~ 2a * 

( 2 ) 

In this work we report an asymptotically flat rotating 
magnetized solution of the Einstein equation obtained 
using the ansatz proposed in [n|. The scalar field $ is 
given by 


$ = 


ay 


aL 2 (x 2 + y 2 ) 
and the vector potential 

ax{l-y 2 ) 


„a$ 

A » = - — 


1 — e _Q$ , 0,0, 


L(x 2 + y 2 ) _ 
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in oblate spheroidal coordinates with x £ R. and \y\ < 1 


ds 2 = L 


2 \K 


(x 2 + y 2 )e 


dx 2 


dy 2 


x 2 + 1 1 — y 2 

+ {x 2 + 1 )( 1 - y 2 )d(p 2 } 

( , a x (1 — y 2 ) , 


( 5 ) 


This space-time has a scalar charge parameter a. The 
scalar field © and the electromagnetic four potential (j4j) 
are solutions of the Einstein equations ([2]) provided that 


surface x = 0, i.e., to travel through the WH, since cross¬ 
ing this bounded surface represents leaving one world and 
entering another. 

It has been shown that for WHs whose throat is a 
regular compact 2D surface with a finite minimum area, 
the violation of the null energy condition (NEC) near or 
at the throat is required 0, [7j. In order to analyse the 
energy conditions, we choose an orthonormal basis 14] 


e f. ~ e t, 


x 2 + 1 


L 2 (x 2 + y 2 )e 


K^-x, 


( 9 ) 


k (: l-y 2 )(8x 2 y 2 (x 2 + l)-(l-y 2 )(x 2 + y 2 ) 2 ) 
L 4 (x 2 + y 2 ) 4 

( 6 ) 

with the relation for the free constants a , a and k given 
by 


a 2 (a 2 — 8k) — 4ea 2 = 0. (7) 

Here L > 0 is a parameter with units of distance, a is 
a parameter with units of angular momentum and a the 
coupling constant. This space-time represents a magne¬ 
tized rotating WH, without gravitational potential. The 
space-time is curved by the presence of the magnetic 
charge and the scalar field, while the magnetic field rep¬ 
resents a magnetic dipole. 

Interesting special cases are the dilatonic field with 
a 2 = 1 (which represents a low-energy string theory), 

o 2 

where we get k = — while for the ghost field with the 
same coupling constant we obtain k = If a 2 = 3, 
for the dilatonic field (in this case the action reduces to 
a 5 D Kaluza-Klein theory) we obtain k = — ^ and for 
the ghost field k = If k = 0 then a 2 = 4, here only 
the dilatonic field with e = 1 is possible. 

All the invariant quantities of metric (J5]) , like the Ricci 
scalar, the quadratic Riemann tensor, etc. are of the 
form 

Invariants = 2/) -if (8) 

( x 2 + y 2 )P 

where /? is a positive integer and F(x 7 y) is a polynomial 
of degree less than the degree of (x 2 + y 2 )P and of less 
order than e~ K . From ([8]) we see that the space-time © 
has an anisotropic naked ring singularity of radius L at 
x = y = 0. 

On the other hand, © is asymptotically flat since 


Gy G(j) (jJGt 

“ V L 2 {x 2 + y 2 )e^’ ^ ~~ 

where w = (ax(l — y 2 ))/(L(x 2 + y 2 )), and e a = d/dx a 
is the canonical vectors basis. In the simplest scenario 
where e K = 1 with a = 2, we use an outgoing null vector 
in the x direction, /r = ± ea, thus + 

Txx = j (-% + Rxf)- Then 


P-t = Ttt+Tzz 


a 2 x 4 + x 4 y 2 + 2x 2 y 4 + y 4 {\ — y 2 ) 
2 m 6 (x 2 + y 2 ) 5 


( 10 ) 

where p = T)- t - is the total energy density of mass-energy 
and — r = Tz£ is the tension per unit area measured by 
the static observers in the x— direction. Of course, for 
e = 1 the NEC is satisfied, since p > r everywhere. 

On the other hand the energy density is given by 


2 x 2 (l + 3y 2 ) + y 2 (l-y 2 ) 
4 L 6 (x 2 + y 2 ) 5 


Thus, for a = 2 the NEC and WEC are satisfied, there 
is no need for exotic matter to keep the throat open, the 
ring singularity is the responsible for the existence of the 
WH [8|, |lfl|. The presence of exotic matter that violates 
NEC have been changed for the ring singularity. 

In the general case, for the dilatonic scalar field with 
e = 1 and a arbitrary, taking the same outgoing null 
vector as previously, we obtain 

P ~ T = q2 2L*(x 2 + y 2 ) 5 ^ + ^ 2 + ^ 4 + 2/4(1 ~ y2) 

- 2——2—x 2 y 2 (x 2 + 1 )) > 0 , ( 12 ) 

or 


lim e K 1 and lim 0 

x—yoo x—^oo Jj 

The throat of the WH lie on the disc x = 0 bounded 
by the singularity y = 0. The throat connects two 311- 
spaces, one with x > 0 and another with x < 0, called the 
ring WH 0. Since there are no discontinuities in the 
extrinsic curvature on the disc, it is possible to cross the 


Of course, NEC is satisfied if a traveller moves along the 
x direction in an outgoing null vector. 

For the ghost field with e = — 1, there are always re¬ 
gions where NEC is violated. 

Due to the presence of the ring singularity (x = y = 0) 
it is possible that a traveller crossing the throat ex¬ 
periences strong gravitational forces. To see if the 
throat is traversable we analyze the tidal forces following 
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0,0 El. We take the reference frame of a traveller 
moving in the x direction 


We first analyze the geodesics on the plane y = 0 . (HU) 
reduces to 


e o = 7 e i ~F 7 (v/c)e x , ej = =F 7 e s + 7 {v/c)e h 
e 2 = e yi e 3 = e 4>- ( 13 ) 

being 7 = [1 — (v/c) 2 ]~^. In the x direction the tidal 
constraint is given by 

I%>i 0 l < 9 ®/c 2 x 2 m w l/(10 5 fcm) 2 , (14) 

where the height of our traveller is 2 m. We have 
l^ioiol = \Rxtxt\- while the remaining constraints are re¬ 
duced to the study of I-R 2020 1 — (10 5 fcm) -2 , and I-R 3030 1 — 
(10 5 fcm) -2 . Since our metric is axially symmetric, we 
have that 

I^ 2626 1 = 7 l-^ytytl+7 i v /C)\Ryxyx\- (15) 

Assuming the traveller is at rest at the throat Q, this 
implies « -)• 0 and 7 1 . Then |i? 202 ol = \RyiyiV 

Finally our last constraint can be written as | AjggQ | = 

The constraints, for both dilatonic and ghost scalar 
field, are given by 


e K a 2 (l — y 2 ){x 2 — y 2 ) 2 
4 L 6 (x 2 + y 2 ) 5 


(16) 


K a 2 x 2 y 2 (x 2 + 1 ) 
L 6 (x 2 + y 2 ) 5 


(17) 


L 2 x 4 e K °x 2 = L 2 x 2 (x 2 + 1)(£ 2 + k)-(CLx+cl£) 2 = X(x) 

( 20 ) 

with Kq = —k/(m 4 x 4 ) and constants of motion £ = 
(t + w</>) and C + co£ = L 2 {x 2 + 1)(1 — y 2 )(f> ■ X(x) > 0 
dominates the geodesics on y = 0 [IcJ. Since the last 
equation (P2U1) always admits at least a positive real root 
(x + > 0 ) two types of motion are possible [ 21 ]. 


1. If the right hand side polynomial has roots such 
that there is a maximum one with x max > 0 
and (dX / dx)(x max ) > 0 , the particle departs to 
infinity after approaching x max . 


2. If X(x) has a root x max and X(x max ) = 
(dX/dx)(x max ) = 0 then the particle takes an in¬ 
finite proper time to approach x max . 

Since X{x = 0) = —a 2 £ 2 < 0, it is not possible for any 
geodesic to go through the WH throat or to reach the 
singular ring from the plane. On the other hand, if a 
test particle starts its motion on one side of the throat 
with y = 0 , this particle is going to remain on the same 
side of the throat all the time. Thus, the disc cannot be 
crossed on the plane y = 0 due to the presence of the 
ring singularity. 

On the other side, observe that on the plane x = 0 
with <f> = 0 , the motion is governed by 




e K a 2 (x 2 + 3x 2 y 2 + y 2 (l — y 2 )) 
1 L e (x 2 + y 2 ) 4 


(18) 


2 ( K + £ 2 )(l-y 2 ) 0 

L 2 y 2 


( 21 ) 


Forcing traveller to approach the throat with y = 1. 
the tidal force in the x direction is zero everywhere, while 
the remaining tidal forces go to zero as the traveller ap¬ 
proaches the throat at x = 0. It is possible to traverse the 
throat without feeling the presence of the ring singularity 
traveling on the plane y = 1. 

In what follows we study the geodesics. We first are 
interested in radial geodesics to see whether an observer 
can penetrate the WH or not. Of course the ring singular¬ 
ity apparently does not allow any observer to penetrate 
the WH, at least going by the equator. 

For doing so, let A be an affine parameter and = 
(i,x,y, <fr), with i = etc., the vector velocity of an 
observer, such that the equation = — k holds, with 
k = 0 for lightlike geodesics and n = — 1 for timelike 
geodesics. It follows 


k = - f + 


ax{l - y 2 ) 
L(x 2 +y 2 ) 

+ L 2 (x 2 + y 2 )e K ' 


(19) 


y 


x 2 + 1 (1 — y 2 ) 


+ (x 2 + 1)(1 - yV . 


where now K° = ■ ^ ■ From (HHI) and i = £. we 

obtain 

iy = AEZe-*"/^ (22) 

£L y 

as y —> 0 we get 

—>• 0 if A: < 0, -j- —oo if fc > 0 (23) 

at at 

That is, for the dilatonic field with a 2 > 4 and the ghost 
field with a > 0 the velocity increases infinitely as we 
approach the singularity. While, for a dilatonic field with 
a 2 < 4, the test particles tend to be at rest as y —> 0. For 
k > 0 , a light ray on x = 0 will rotate rapidly, increasing 
its velocity until it reaches y = 0. If k < 0, i.e. a = a/ 3, 
the same light ray will decrease its velocity as y —> 0 and 
eventually stop. 

Now we analyze a slowly rotating WH. At first or¬ 
der, in a slowly-rotating WH with a 2 /L 4 — > 0, the tidal 
forces (HSD-HHD, the energy conditions m-m and the 
Kretchmann tensor, approach to zero except at the ring 
singularity. In this limit it is possible to find a fourth 
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FIG. 1: Geodesics crossing the WH through the throat at x = 0. The 
throat size is L — 10 and the traveller initially at (yo, xq = 25). With 
£ = 10, £ = 5 and a = 0.1, with two different values of a. 

conserved quantity 1C. Using the Hamilton-Jacobi we get 
that the geodesic equations for x and y are given by 

L 2 A 2 x 2 = X(x), A 2 y 2 = Y(y), 

where A = L 2 (x 2 + y 2 ), A x = L 2 (x 2 + 1), and 

X(x)= A x {L 2 {k + £ 2 )x 2 -1C)- 2 aLECx + L 2 C 2 ( 24) 
Y(y)= (1 - y 2 )(lC + (k + £ 2 )L 2 y 2 ) - C?. (25) 

In order to go through the WH, we need that X(x) > 0 
at x = 0. From (HHl) . it follows that YC < C 2 , and forcing 
the geodesics to stay on the plane y = yo, where yo is a 
non-zero constant, (12511 must vanish. Consequently, from 
this two conditions 

K. < C 2 < (k + £ 2 )L 2 { 1 - y 2 0 ) < (k + £ 2 )L 2 . (26) 

If yo = 1, then C = 0 and from (l26l) we get that K. < 0. 
In general, for geodesics with y ^ yo (fflfll holds. 

Conclusions. Metric m contains a ring singularity at 
x = y = 0 of radius L. The disc x = 0 can be identified 
with a throat surrounded by the ring singularity y = 0. 
Due to the presence of this singularity we showed that 
NEC and WEC are satisfied for e = 1. 

Despite this singularity, in the slow-rotating limit, 
geodesics on the plane y = 1 can cross (back and forth) 
the disc and travel through the throat to another asymp¬ 
totically flat space-time without facing extreme tidal 
forces. It is also important to note that geodesics avoid 
the ring singularity approaching the throat from y = 0. 
The effect of the mass parameter in this space-time re¬ 
mains open. 
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